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The Hall viscosity has been proposed as a topological property of incompressible fractional quan-
tum Hall states and can be evaluated as Berry curvature. This article reports on the Hall viscosities
of composite-fermion Fermi seas at ν = 1/m, where m is even for fermions and odd for bosons. A
well defined value for the Hall viscosity is not obtained by viewing the 1/m composite-fermion Fermi
seas as the n → ∞ limit of the Jain ν = n/(nm ± 1) states, whose Hall viscosities, (±n + m)~ρ/4
(ρ is the two-dimensional density), approach ±∞ in the limit n → ∞. A direct calculation shows
that the Hall viscosities of the composite-fermion Fermi sea states are finite, and also relatively sta-
ble with system size variation, although they are not topologically quantized in the entire τ space.
We find that the ν = 1/2 composite-fermion Fermi sea wave function for a square torus yields a
Hall viscosity that is expected from particle-hole symmetry and is also consistent with the orbital
spin of 1/2 for Dirac composite fermions. We compare our numerical results with some theoretical
conjectures.
I. INTRODUCTION
The Hall viscosity has been proposed as one of the
topological characteristics of FQH states [1–4]. In partic-
ular, it has been proposed that it is related to the “shift”
on the spherical geometry [4], as confirmed by explicit
evaluations [5, 6] for the Laughlin and Jain states [7, 8].
(The shift is twice of the so-called orbital spin [9].)
This article is concerned with the Hall viscosity of the
composite-fermion fermi sea (CFFS). CFs form a Fermi
sea when they experience a zero effective field [10–13].
The best studied CFFS is at ν = 1/2, where electrons
capture two vortices to form composite fermions. We will
also consider CFFs of electrons at ν = 1/4 and ν = 1/6,
where composite fermions bind four and six vortices. Just
as fermions in the lowest Landau level capture an even
number of vortices to form FQH states and CFFS, bosons
in the lowest Landau level can capture an odd number of
vortices to form both FQH states and CFFS [14–18]. We
will consider CFFSs of bosons at ν = 1, 1/3 and 1/5.
A fundamental difficulty for the determination of the
Hall viscosity of the CFFS is that it does not have a
gap in the thermodynamic limit, and its Hall viscosity is
not expected to be topologically quantized and may be
sensitive to various details, such as the geometry of the
torus, the shape and size of the CFFS, and the details
of the CFFS wave function. Nonetheless, irrespective of
the issue of its applicability to real experiments, the Hall
viscosity can be evaluated for the standard CFFS wave
functions, which are very accurate representations of the
actual Coulomb ground states. This article reports on
these results. We evaluate the Hall viscosity through cal-
culation Berry curvature in the τ space following Avron,
Seiler, and Zograf [1] (explained below); the method is
justified by the presence of a gap at individual τ points
for a finite system. To this end, we construct CFFS wave
functions for these states and show that for general 1/m
several wave functions can be constructed.
For ν = 1/2 particle-hole symmetry is an additional
consideration that fixes the value of the Hall viscosity as
shown by Read and Rezayi [19]; we find that our calcu-
lated value is consistent with the expected value, which
is not surprising given that our wave function satisfies
particle-hole symmetry to a good degree. The value of
Hall viscosity at ν = 1/2 is consistent with the orbital
spin 1/2 for Dirac composite fermions [20, 21], to the ex-
tent that the conjectured relation between the Hall vis-
cosity and the orbital spin holds for incompressible states.
We also show the Hall viscosities for CFFSs are not topo-
logically quantized in the τ space, in stark contrast to the
gapped FQH states.
The paper is organized as follows. We first briefly re-
view the Hall viscosity for gapped FQH states and the
problem for CFFS in Sec. II. Then we introduce the wave
functions for both fermionic CFFS and bosonic CFFS in
Sec. III. Finally, we present our results and discussions
of Hall viscosity for CFFS in Sec. IV.
II. HALL VISCOSITY AS BERRY CURVATURE
The Hall viscosity is a bulk property of quantum Hall
fluid. It is the geometrical response to the strain rate
applied to the fluid. In theoretical calculation, the strain
rate can be simulated by putting the fluid on a torus and
adiabatically deforming the shape of the torus while pre-
serving its area. A torus is equivalent to a parallelogram
on a complex plane with periodic boundary conditions
in both directions, L1 along the real axis and L2 = L1τ ,
where the modular parameter τ is a complex number [22].
The total area is given by V = L21τ2 = 2piNφ`
2, through
which there are Nφ flux quanta passing. (A flux quan-
tum is defined as φ0 = h/e, and the magnetic length as
` =
√
~c/eB.) It was shown by Avron, Seiler, and Zograf
[1] that the Hall viscosity can be computed as Berry cur-
vature through adiabatic deformation of the geometry of
the torus:
ηA = −~τ
2
2
V
Fτ1,τ2 , (1)
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2where
Fτ1,τ2 = −2Im
〈
∂Ψ
∂τ1
∣∣∣∣ ∂Ψ∂τ2
〉
. (2)
Here Ψ is the many-particle ground state on the torus.
Based on Eq. 1, Read proposed that ηA is given by
ηA = S ~
4
N
V
. (3)
where the “shift” S is a topological quantum number,
given by S = Nν −Nφ; i.e. S is the offset of flux quanta
needed to form a ground state with N particles on a
sphere [4, 19].
The shift is a manifestation of the orbital spin [9] which
is given by S/2. The relation Eq. 3 has been proved
for various incompressible FQH states with methods of
plasma analogy, Chern-Simons theory, matrix models
etc. [3, 4, 19, 23–25]. Most recently, Pu, Fremling, and
Jain [6] found this relation can be proved for ν = m2pm±1
by using the Jain wave functions [26] and certain natural
and justified assumptions.
In this article, we are concerned with the Hall viscosity
of gapless states. A large group of gapless states in FQH
systems are compressible Fermi-liquid like states, which
are described as composite-fermion Fermi seas (CFFSs).
As the derivation of Eq. 1 is based on adiabatic trans-
formations, one may question if it can be used to char-
acterize the Hall viscosity for gapless states. Here, it is
important to note that the Hall viscosity is defined as a
Berry curvature, which requires a finite gap only in the
vicinity of a certain value of τ [27]. (In contrast, the
Berry phase would require integration over the entire τ
space.) One may argue that there is a finite gap for the
individual value of τ for the compressible Fermi-liquid
like states of finite size, even though there may be level
crossings as a function of τ and for certain values of τ the
chosen wave function may no longer represent the ground
state accurately. Therefore, the Berry curvature in Eq. 1
is still well-defined for a given model state, provided it
corresponds to the ground state for the value of τ under
consideration.
One may think that the Hall viscosity of the CFFS at
ν = 1/m may be trivially obtained by viewing it as the
n → ∞ limit of the Jain states ν = n/(mn ± 1). For
the Jain states, the Hall viscosity is given by Eq. 3 with
S = ±n + m. This would imply that the Hall viscosity
of ν = 1/m is +∞ when coming along the sequence ν =
n/(mn+1) and −∞ along the sequence ν = n/(mn−1).
This obviously leads to a contradiction. We find below a
finite Hall viscosity by a calculation directly at ν = 1/m.
Nonetheless, the question of how to reconcile the Hall
viscosity of the ν = 1/m CFFS with the Hall viscosity of
nearby Jain states remains an interesting open issue.
Ref. [19] showed that the Hall viscosity for a particle-
hole symmetric state would be ~N4V , no matter whether
the model state is incompressible or not. This result is
applicable to the CFFS at ν = 1/2. Although it was
not explicit in the construction of CFFS wave function,
it was shown that the CFFS does preserve a high de-
gree of particle-hole symmetry [28–31], which is an exact
symmetry at ν = 1/2 in the limit of zero Landau level
(LL) mixing for any two-body interaction. Our calcula-
tion below is consistent with this result. It is known that
at ν = 1/2 the coulomb ground state is well described
by such a CFFS [10, 32–34]. For CFFSs at other fillings
there is no rigorous theoretical derivation of Hall viscosi-
ties to our knowledge. It is not clear if the Hall viscosities
for these states are universal and how they are related to
the orbital spin or the shift [35]. Based on the idea of
attaching fluxes to Dirac composite fermion, Goldman
and Fradkin [36] have made a conjecture for the values
of Hall viscosities of general CFFSs, which are compared
to our numerical results in Sec. IV.
In the remaining part of this paper, we first introduce
the generic wave functions for CFFS. We then numer-
ically calculate the Berry curvature for CFFS at fill-
ing 1/2, which has a high degree (although not exact)
particle-hole symmetry, and also CFFS at other fillings
including 1, 1/3, 1/4, 1/5 and 1/6.
III. COMPOSITE FERMION FERMI SEA
We consider a parallelogram with edges L1 and L2 =
L1τ . Because the physical coordinate zi = xi + iyi of a
particle changes with the deformation of the torus, it is
convenient to define the reduced coordinate (θ1,i, θ2,i) as
zi = xi + iyi = L1θ1,i + L2θ2,i. The reduced coordinates
(θ1,i, θ2,i) remain unchanged under τ deformations, and
are therefore more convenient to use in the calculation of
the Hall viscosity. Following the convention in Ref. [5, 6],
we adopt the τ gauge: (Ax, Ay) = B
(
y,− τ1τ2 y
)
. We
impose the following periodic boundary conditions:
t(Li)ψ(z, z¯) = e
iφiψ(z, z¯) i = 1, 2. (4)
The magnetic translation operator t in τ gauge is given
by
t (αL1 + βL2) = e
α∂1+β∂2+i2piβNφθ1 , (5)
where ∂j ≡ ∂∂θj .
We go over the construction of the CFFS wave func-
tion in some detail here. In particular, we show that, in
general, there is more than one way to project the CFFS
wave function to LLL, except for ν = 1 and ν = 1/2.
This allows us to test the sensitivity of the Hall viscosity
in the form of the CFFS wave function.
We begin with the Laughlin wave function, which will
enter into the construction of the CFFS wave function. In
the τ gauge the unnormalized Laughlin wave function [37,
38] for N particles (which will be used in the construction
of the CFFS wave function) at filling ν = 1/m can be
written as:
3ΨLaum,k[zi, z¯i] = e
ipiτNφ
∑
i θ
2
2,i
[
ϑ
[
φ1
2pim+
k
m+
N−1
2
−φ22pi+m(N−1)2
](
mZ
L1
∣∣∣∣mτ)]∏
i<j
[
ϑ
[
1
2
1
2
](
zi − zj
L1
∣∣∣∣τ)]m (6)
where the last factor is the torus analog of the familiar Jastrow factor
∏
i<j(zi − zj)m, and the factors preceding it
ensures the correct boundary conditions and center of mass momentum.
Here Z =
∑
i zi and ϑ
[
a
b
]
(z|τ) is the Jacobi theta
functions with rational characteristics, given by[39]
ϑ
[
a
b
]
(z|τ) =
∞∑
n=−∞
eipi(n+a)
2τei2pi(n+a)(z+b). (7)
The use of these ϑ functions [5, 6] is advantageous be-
cause one does not need to specify the positions of
the zeros. Eq. 6 has center-of-mass momentum k =
0, 1, 2 · · ·m− 1:
N∏
i=1
ti(L1/Nφ)Ψ
Lau
m,k[zi, z¯i] = e
i2pi(
φ1
2pim+
k
m+
N−1
2 )ΨLaum,k[zi, z¯i]
(8)
Before projection into the LLL, the CFFS wave func-
tion at filling 1/m can be written as [34]:
Ψunprom,k [zi, z¯i] = Det
[
eikn·zi
]
ΨLaum,k[zi, z¯i] (9)
Here Det
[
eikn·zi
]
stands for the Slater determinant of
plane waves. To satisfy the periodic boundary conditions
Eq. 4, the allowed wave vectors are
kn = n1b1 + n2b2 (10)
b1 =
(
2pi
L1
,−2piτ1
L1τ2
)
(11)
b2 =
(
0,
2pi
L1τ2
)
(12)
with both n1 and n2 being integers. Eq. 9 represents a
fermionic CFFS if m is even and a bosonic CFFS if m is
odd.
Now we need to project the wave function into the
LLL. This has been accomplished for ν = 1/2 CFFS us-
ing the Jain-Kamilla (JK) projection method [40, 41] in
symmetric gauge following Refs. [29, 30, 42, 43]. Here
we perform the projection in the τ gauge for general
CFFSs. Let us first consider the fermionic CFFS. The
LLL wave function in the τ gauge can be generally writ-
ten as eipiτNφ
∑
i θ
2
2,iΨ[zi], in which the second part is a
holomorphic function of zi, i = 1, 2 · · ·N . The LLL pro-
jection is accomplished by using the equation [44, 45]
PLLL
[
z¯neipiτNφθ
2
2f(z)
]
= eipiτNφθ
2
2
(
z + 2`2∂z
)n
f(z),
(13)
For the CFFS at ν = 1/m, m even, we get the LLL
projected wave function:
Ψprojm,k [zi, z¯i] = e
ipiτNφ
∑
i θ
2
2,iϑ
[
φ1
2pim+
k
m+
N−1
2
−φ22pi+m(N−1)2
](
m(Z + i`2K)
L1
∣∣∣∣mτ)Det [gˆnl] [ϑ [ 121
2
](
zi − zj
L1
∣∣∣∣τ)]m (14)
gˆnl = e
− kn`24 (kn+2k¯n)e
i
2 (k¯n+kn)zleikn`
2∂zl (15)
Here K is the sum over all occupied wave vectors K =
∑
n kn. A determinant of operators Det [gˆnl] is certainly not
easy to compute. To avoid this, one apply the JK projection, and the wave function finally reads:
Ψ
proj(f)[α]
m,k [zi, z¯i] = e
ipiτNφ
∑
i θ
2
2,iϑ
[
φ1
2pim+
k
m+
N−1
2
−φ22pi+m(N−1)2
](
m(Z + i`2K)
L1
∣∣∣∣mτ)Det [g[α]nl ] (16)
g
[α]
nl = e
− kn`24 (kn+2k¯n)e
i
2 (k¯n+kn)zl ·
m/2∏
p=1
∏
j,j 6=l
ϑ
[
1
2
1
2
](
zl + iαpkn`
2 − zj
L1
∣∣∣∣τ) (17)
Here we have the non-trivial JK projection coefficient α = (α1, α2, · · ·αm/2), which was first found for ν = 1/2 CFFS
in Ref. [42] and for Jain states in Ref. [26]. For the CFFS wave function to satisfy periodic boundary conditions, they
4must satisfy
∑m/2
p=1 αp = m. For ν = 1/2, there is only one term α1 = 2, and the wave function Eq. 16 is unique.
For other fermionic CFFS with m ≥ 2, there is in general more than one choice of αp. For instance, we can choose
(α1, α2) = (2, 2), (0, 4), (1, 3), (5,−1) · · · for ν = 1/4. A wave function similar to Eq. 16 had been used in Ref. [46, 47],
which corresponds to the cases α1,2···l = m/l and αl+1,l+2··· ,m/2 = 0 with l being an integer. The larger class of CFFS
wave functions derived above has not been reported before, and it would be interesting to ask in what sense these
CFFS wave functions differ.
The JK projection can similarly be applied to bosonic CFFS with m ≥ 3. Because m is now an odd number, we
factor out a single power of the Jastrow factor. Eq. 16 now becomes:
Ψ
proj(b)[α]
m,k [zi, z¯i] = e
ipiτNφ
∑
i θ
2
2,iϑ
[
φ1
2pim+
k
m+
N−1
2
−φ22pi+m(N−1)2
](
m(Z + i`2K)
L1
∣∣∣∣mτ)Det [g[α]nl ]∏
i<j
ϑ
[
1
2
1
2
](
zi − zj
L1
∣∣∣∣τ) (18)
g
[α]
nl = e
− kn`24 (kn+2k¯n)e
i
2 (k¯n+kn)zl ·
(m−1)/2∏
p=1
∏
j,j 6=m
ϑ
[
1
2
1
2
](
zl + iαpkn`
2 − zj
L1
∣∣∣∣τ) (19)
and the condition for αp becomes:
∑(m−1)/2
p=1 αp = m. A special case which is not covered by Eq. 18 is the bosonic
CFFS at filling ν = 1. In that case we only have one order of Jastrow factor. One might think that a wave function
for the bosonic CFFS for ν = 1 can be obtained by dividing the fermionic ν = 1/2 CFFS by a single Jastrow factor.
It turns out that that wave function is not valid. However, a closely related wave function does the job:
Ψ
proj(1)
m=1,k [zi, z¯i] = e
ipiτNφ
∑
i θ
2
2,iϑ
[
φ1
2pi+
N−1
2
−φ22pi+ (N−1)2
](
(Z + i`2K)
L1
∣∣∣∣τ)Det [gnl]/∏
i<j
ϑ
[
1
2
1
2
](
zi − zj
L1
∣∣∣∣τ) (20)
gnl = e
− kn`24 (kn+2k¯n)e
i
2 (k¯n+kn)zl ·
∏
j,j 6=m
ϑ
[
1
2
1
2
](
zl + ikn`
2 − zj
L1
∣∣∣∣τ) (21)
Notice that, the argument of the theta function in the
preceding equation is slightly different from that of the
CFFS for ν = 1/2.
IV. RESULTS AND DISCUSSIONS
We evaluated the Hall viscosities for the CFFS wave
functions at ν = 1, 1/2, 1/3, 1/4, 1/5 and 1/6, using the
Berry curvature expression given in Eq. 1. The results are
summarized in Table I, along with the CFFS shapes we
used. The CFFS shapes correspond to the global ground
states for the given system sizes. We adopt the stan-
dard variational Monte Carlo method for unprojected
wave functions, and the lattice Monte Carlo method [30]
for LLL projected wave functions. The last digit in the
brackets in Table I represents the statistical error. We
present ηA in units of ~ρ/4, where ρ = N/V is the parti-
cle density. In these units, ηA is given by the shift S for
gapped FQH states according to Read’s relation Eq. 3.
All results in Table I are evaluated for a square torus. As
shown below, the results are quite stable as the system
size increases, so long as the CFFS shapes stay circular.
As we mentioned, there are two key issues here: 1)
What is the value of Hall viscosities for CFFSs? 2) Are
they still topologically quantized? The fermionic CFFS
at filling ν = 1/2p can be regarded as the m → ∞ limit
of Jain states at filling ν = m2pm±1 . Ref. [6] shows that
the Hall viscosities for Jain states are ηA = (±m+2p)~ρ4 .
Taking the limit, the Hall viscosity for the CFFS diverges
to +∞ or −∞ depending on whether we approach it from
below or above. Meanwhile, Table I shows that the Hall
viscosities are finite and change very little with system
size, although in general they are not quantized at integer
values in units of ~ρ4 .
Among these cases, the CFFS at ν = 1/2 has an ad-
ditional symmetry, namely an exact particle-hole sym-
metry for any two-body interaction confined in the LLL.
The CFFS wave function satisfies this symmetry to a
high degree but not exactly. Refs. [19, 48] show that the
particle-hole symmetric ground state has ηA = ~ρ4 , in-
dependent of whether the ground state is compressible
or incompressible. Table I shows that the Hall viscos-
ity for the LLL projedted CFFS wave function at filling
1/2 is quantized at ~ρ4 for a square torus with the same
accuracy as found for the incompressible Jain states [6].
This shows that the small particle-hole asymmetric part
in the CFFS wave function does not change the Hall vis-
cosity appreciably for τ = i. Levin and Son [21] showed
that if the particle-hole symmetry is not spontaneously
broken, there is an exact relationship between the Hall
conductivity and the susceptibility which can be derived
5through Dirac CF theory. This relation predicts the or-
bital spin of ν = 1/2 CFFS to be s = 1/2 by making use
of Galilean invariance [49, 50]. The orbital spin is half
of the shift. Levin and Son also showed that from HLR
theory one can derive a similar relation, which predicts
s = 1 for ν = 1/2 CFFS. Our result is consistent with
orbital spin predicted by the Dirac CF theory provided
that the Hall viscosity and orbital spin for the CFFS are
also related through Read’s conjecture.
How about the Hall viscosities of CFFS at other fill-
ings which do not have particle-hole symmetry? Ref. [27]
argued that the Hall viscosity of ν = 1/m CFFS is
ηA = m~ρ4 , i.e. the same value as Laughlin states for all
fillings (even without particle-hole symmetry) in thermo-
dynamic limit if it is evaluated through Eq. 1 at τ = i.
Our numerical result is close to that prediction only for
the bosonic CFFS wave function at ν = 1 in LLL. We
found that the Hall viscosities are not quantized at inte-
ger values of S through Eq. 3 in general. In fact, they
are more or less around (not accurately at) the values
ηA = mρ~8 for ν = 1/m, which corresponds to S = m/2
(except the ν = 1 case just mentioned). Ref. [36] gives
a conjecture for the Hall viscosities of CFFS which says
ηA = ~ρ4 (m−1) for ν = 1/m. For ν = 1/2 it corresponds
to the orbital spin of Dirac composite fermion and also
agrees with our numerical results.
The second question is whether the Hall viscosity cal-
culated through Eq. 3 is still topologically quantized for
CFFS, just as the gapped FQH states. We found the
answer is no. This can be seen from two aspects. First,
Table I shows that the Hall viscosities are different for
different CFFS wave functions at the same filling, i.e.,
it depends on whether the wave functions are projected
into the LLL or not, and if so, how they are projected.
However, different CFFS wave functions at a given fill-
ing actually describe the same topological phase, so they
should yield the same value if the Hall viscosity is topo-
logically quantized. Indeed, for the Jain states we found
that the projected and unprojected CF wave functions
have the same Hall viscosities if the system is big enough
[6]. Secondly, Refs. [6, 19] have shown that the topo-
logically quantized Hall viscosities would yield the same
value independent of at which τ point the Berry curva-
ture is evaluated, i.e. it is independent of the shape of the
torus. We test whether this is still true for CFFS, and the
results are summarized in Table II. For a gapped FQH
state, two ground states at different τ values are adiabat-
ically connected, in the sense that we can get one from
the other by just changing τ in the wave function. This is
apparently not true for the CFFS. When the shape of the
torus is deformed, the shape of the CFFS also changes.
A circular CFFS at τ would become an elliptical CFFS
at τ ′. While the elliptical CFFS might still have the most
compact shape in that given momentum sector, it is no
longer the global ground state for all momentum sectors.
As shown in Ref. [31], the ground states in high energy
momentum sectors are not very accurately described by
the CFFS wave functions. Therefore, we changed the
CFFS configuration in k space to make the CFFS as
circular as possible for τ = eipi/3, eipi/4 considered here.
As Table II shows, the Hall viscosity for τ = eipi/3 is
very close to the Hall viscosity for τ = i shown in Ta-
ble I, which is remarkable because they are two different
ground states that are not adiabatically connected. How-
ever, the Hall viscosity for τ = eipi/4 clearly deviates from
the values of a square torus. Hence, we conclude that the
Hall viscosity of the CFFS is not topologically quantized
in the τ space.
Ref. [6] presents a way to analytically derive the Hall
viscosity for the CF wave functions. That approach is
based on the assumption that the overall normalization
factor does not contribute to Hall viscosity. For the
CFFS wave function in Eq. 9, the normalization of the
Slater determinant is independent of τ , because eik·z =
e
i
n1θ1+n2θ2
Nφ if k = n1b1+n2b2 and z = θ1L+θ2Lτ . There-
fore, the aforementioned assumption for CFFS means:
lim
N→∞
1
N
(
∂
∂τ2
)
τ
lnZ = 0. (22)
Z =
(∫ ∏
i d
2ri|Ψunprom,k |2∫ ∏
i d
2ri|ΨLaum,k|2
)− 12
(23)
If the assumption in Eq. 22 is also true for the CFFS, then
the Hall viscosity of the CFFS would be ηA = m~ρ4 at
ν = 1/m following the approach in Ref. [6]. The results
in Table I clearly show that this is not the case. It is
interesting to note that while the overall normalization
factor does not contribute to the Hall viscosity for gapped
Jain states, it makes a nontrivial contribution to the Hall
viscosity of the CFFSs.
V. CONCLUSION
In this paper, we calculated the Hall viscosity of CFFS
wave functions at various fillings by evaluating the Berry
curvature in the τ space. We found that the Hall vis-
cosities at τ = i are finite and fluctuate very little with
system size. Especially, the CFFS wave function at filling
1/2 in LLL has Hall viscosity very close to ηA = ~ρ4 , as
expected for a particle-symmetric state [19]. This value
is also consistent with the 1/2 orbital spin of Dirac com-
posite fermions [21]. We also compared our numerical
results with more general theoretical conjectures [27, 36]
for other fillings but have not found a perfect consistency.
We also note that the Hall viscosities depend on whether
the CFFS wave functions are project or not, and the way
of projection. By evaluating the Hall viscosity at dif-
ferent positions in τ space, we show the Hall viscosity
defined through Berry curvature of CFFS is not topolog-
ically quantized.
Our work leaves some questions that need further eluci-
dation: Is there a general relation between Hall viscosity
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Number of particles 12 21 37 69
ν α 4ηA/~ρ
1/2
(2) 1.013(1) 1.012(4) 1.014(1) 1.011(4)
un 1.054(1) 1.040(3) 1.058(6) 1.05(1)
1/4
(2,2) 1.991(3) 2.06(1) 2.087(4) 2.03(1)
(4,0) 1.801(2) 1.80(1) 1.822(5) 1.783(6)
un 2.339(3) 2.327(6) 2.38(2) 2.33(2)
1/6
(2,2,2) 3.355(7) 3.402(9) 3.47(2) 3.31(8)
(3,3,0) 3.147(6) 3.203(8) 3.28(3) 3.11(4)
(6,0,0) 2.929(4) 2.92(2) 2.99(2) 2.82(3)
un 3.712(6) 3.67(1) 3.78(2) 3.57(3)
1
(1) 1.041(3) 1.115(4) 1.152(3) 1.170(5)
un 0.4700(7) 0.4509(7) 0.452(2) 0.449(5)
1/3
(3) 1.336(1) 1.336(7) 1.346(3) 1.327(7)
un 1.681(2) 1.670(4) 1.708(7) 1.69(2)
1/5
(3,2) 2.533(5) 2.593(5) 2.64(1) 2.54(2)
(5,0) 2.340(4) 2.35(1) 2.379(5) 2.28(1)
un 3.015(3) 3.00(1) 3.08(2) 2.97(2)
TABLE I. The Hall viscosity for CFFS wave functions. The data is shown as 4ηA/~ρ, in which ηA defined in Eq. 1 is calculated
through Monte Carlo at τ = i, and ρ is the particle density ρ = N/V . For gapped FQH states, the quantity shown would be
equivalent to shift S. We specify the CFFS shapes (which correspond to the global ground states) and system sizes Eq. 1 in the
first two row. We specify the wave function at each giving factor by showing α, which is defined in Sec. III. The unprojected
wave function is denoted as ”un”. The last digit in bracket represents the statistical error.
of CFFS at τ = i and the shift (or orbital spin), as our
result for ν = 1/2 indicates? If the answer is yes, how
can one interpret the values found in Table I, and why
do the different LLL projections yield different values? Is
some flux attachment (i.e. α in Table I) more physical
than others? We hope these problems will be addressed
in the future.
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